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LEE WEIGHTS OF Z/4Z-CODES FROM ELLIPTIC CURVES
JOSÉ FELIPE VOLOCH AND JUDY L. WALKER
Abstract. In [15], the second author defined algebraic geometric codes over
rings. This definition was motivated by two recent trends in coding theory:
the study of algebraic geometric codes over finite fields, and the study of codes
over rings. In that paper, many of the basic parameters of these new codes
were computed. However, the Lee weight, which is very important for codes
over the ring Z/4Z, was not considered. In [14], this weight measure, as well
as the more general Euclidean weight for codes over Z/pl Z, is considered for
algebraic geometric codes arising from elliptic curves.
In this paper, we will focus on the specific case of codes over Z/4Z and we
will show how everything works in an explicit example.

1. Introduction
The study of linear codes over finite rings has received much attention lately.
This is due in large part to the paper of Hammons, et al. ([2]), in which it is shown
that certain nonlinear binary codes are actually the images of linear codes over the
ring Z/4Z under the Gray map. This idea has prompted many authors (see [1] or
[11], for example) to consider the question of how to construct linear codes over
Z/4Z, with the hope that these codes might have good binary images under the
Gray map.
In [15], a new method of constructing linear codes over Z/4Z is proposed. The
idea there is to generalize the construction of algebraic geometric codes over finite
fields ([12], [13]) to allow the use of a local Artin ring to play the role of the finite
field. In that paper, the length, dimension (rank), and minimum Hamming distance
of these new codes are computed. However, the crucial Lee weight, which is the
same as the Hamming weight of their binary images under the Gray map, is not
treated there.
It turns out that computing the minimum Lee weight of an algebraic geometric
code is very difficult. In [16], it is shown how the notion of Lee weight for codes over
Z/4Z generalizes to a weight measure called Euclidean weight for codes over Z/pl Z,
where p is any prime and l ≥ 1 is an integer. Also in that paper, the minimum
Euclidean weight of an algebraic geometric code over Z/pl Z is expressed in terms
of an exponential sum.
In [14], a bound on this sum is found in the special case that the curve over
which the code is defined is a certain type of elliptic curve. In this paper, we will
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examine in detail the case of [14] where p = l = 2, so that the code in question is a
code over Z/4Z. To illustrate our results, we work a specific example in detail.
2. Galois and Witt rings, and Algebraic geometric codes over them
A common method of constructing long codes over small fields is to construct a
code over an extension field and then consider the trace code. A similar approach
can be taken to construct codes over the ring Z/4Z by first constructing codes
over a Galois ring GR(4, m), and then considering the trace code. Recall ([2]) that
the Galois ring GR(4, m) is simply (Z/4Z)[x]/(f ), where f ∈ (Z/4Z)[x] is monic,
m
irreducible, and a divisor of the polynomial x2 −1 − 1. More generally, the Galois
ring GR(pl , m) is (Z/pl Z)[x]/(f ), where f ∈ (Z/pl Z)[x] is monic and irreducible
m
and divides the polynomial xp −1 − 1. Notice that GR(pl , 1) ≃ Z/pl Z. Recall that
the Teichmüller set of GR(pl , m) is the multiplicative lifting of the field Fpm living
inside GR(pl , m).
It is often more convenient to think of the ring GR(4, m) as the ring W2 (F2m ) of
2-dimensional Witt vectors over the field F2m . As a set, this ring looks like vectors
of length 2 with coordinates in F2m , and the operations are given as follows:
(a0 , a1 ) + (b0 , b1 ) = (a0 + b0 , a1 + b1 + a0 b0 )
(a0 , a1 ) · (b0 , b1 ) = (a0 b0 , a20 b1 + b20 a1 )
This ring may be thought of as the quotient modulo 4 of W (F2m ), the ring of infinite
length Witt vectors over F2m (see [5]). Also, one can consider Witt rings over fields
of characteristic other than 2, or of finite lengths other than 2.
Notice that the map
(2.1)

W2 (F2 ) → Z/4Z

given by
(0, 0) 7→ 0

(1, 0) 7→ 1

(0, 1) 7→ 2

(1, 1) 7→ 3

is an isomorphism of rings. More generally, Wl (Fp ) ≃ Z/pl Z for any prime p and
any positive integer l. Similarly, W2 (F2m ) ≃ GR(4, m) for all m and more generally
Wl (Fpm ) ≃ GR(pl , m). The Teichmüller set of GR(pl , m) corresponds to the vectors
in Wl (Fpm ) which are zero beyond the first coordinate.
The map F : Wl (Fpm ) → Wl (Fpm ) given by (a0 , a1 , . . . , al−1 ) 7→ (ap0 , ap1 , . . . , apl−1 )
is an additive endomorphism of order m. The trace map T : Wl (Fpm ) → Wl (Fp ) ≃
Z/pl Z is given by T (a) = F (a) + F 2 (a) + · · · + F m−1 (a).
The generalization of algebraic geometric codes which we will describe below
will make sense for any local Artin ring A. Recall that a local ring is one with
only one maximal ideal. GR(pl , m) is local with its unique maximal ideal being
the one generated by p. In Wl (Fpm ), this ideal consists of the elements having
zeros in the first coordinate. An Artin ring is one in which every descending chain
of ideals is eventually stable; since any finite ring obviously satisfies this property,
GR(pl , m) ≃ Wl (Fpm ) is an Artin ring.
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Next, we describe how to generalize the construction of algebraic geometric codes
over finite fields ([13], [12]) to give codes over local Artin rings such as Wl (Fpm ) ≃
GR(pl , m). The set-up for the generalized construction is as follows:
Let A be a local Artin ring, and let X be a curve defined over A (i.e., a connected
irreducible scheme over Spec A which is smooth and of relative dimension one). One
may think of X as being defined by polynomial equations with coefficients in A. In
this case, A-points on X are solutions in A to the equations defining X. Letting
m be the maximal ideal of A, we get a curve X over the field A/m by reducing
the equations defining X modulo m. By reducing the coordinates of an A-point of
X modulo m, we get a A/m-rational point of X. We say two A-points of X are
disjoint if their reductions modulo m give two distinct A/m-rational points of X.
Let Z be a set of disjoint A-points on X. Associated to a line bundle L on X is an
A-module Γ(X, L) of rational functions on X, and L may easily be chosen so that
it makes sense to evaluate the functions in Γ(X, L) at the points of Z.
With A, X, Z = {Z1 , . . . , Zn }, and L as above, the algebraic geometric code
CA (X, Z, L) is defined to be the image of the evaluation map
Γ(X, L) → An

f 7→ (f (Z1 ), . . . , f (Zn ))

Some of the properties of these codes are summarized in the following theorem;
see [15] for proofs.
Theorem 2.1. Let X, X, L, and Z = {Z1 , . . . , Zn } be as above. Let g denote the
genus of X, and suppose 2g − 2 < deg L < n. Set C = C(X, Z, L). Then C is a
linear code of length n over A, and is free as an A-module. The dimension (rank)
of C is k = deg L + 1 − g, and the minimum Hamming distance of C is at least
n − deg L. Further, under the additional assumption that A is Gorenstein, the class
of algebraic geometric codes is closed under taking duals. In particular, there exists
a line bundle E such that C ⊥ = C(X, Z, E).
Remark 2.2. The rings Wl (Fp ) ≃ Z/pl Z and Wl (Fpm ) ≃ GR(pl , m) are Gorenstein,
so everything in the above theorem applies to these rings in particular.
In practice, one is usually most interested in codes over the ring Z/4Z. Such
a code can be obtained in two ways using the construction above. First, one can
simply set A = Z/4Z and construct an algebraic geometric code over Z/4Z directly.
The drawback of this is that the codes obtained in this manner will be short. A
second method is to set A = W2 (F2m ) = GR(4, m), construct an algebraic geometric
code over A, and then apply the trace map T : A → Z/4Z coordinatewise to the
code to get a code over Z/4Z. Since T : Z/4Z → Z/4Z is the identity map, we need
only consider the second of these two constructions.
3. Lee weight
Theorem 2.1 gives the length, dimension, and minimum Hamming distance of an
algebraic geometric code over a ring. However, for codes over Z/4Z, the relevant
weight measure is the Lee weight. The reason for this is that the Gray map is an
isometry
((Z/4Z)n , Lee weight) → ((F2 )2n , Hamming weight)
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so that the minimum Hamming weight of the binary image of a Z/4Z-code is the
Lee weight of the code over Z/4Z. Our goal is to find the minimum Lee weight of
(trace codes of) algebraic geometric codes over Z/4Z.
Recall that the Lee weight is defined on Z/4Z by wL (0) = 0, wL (1) = wL (3) = 1,
and wL (2) = 2. The Lee weight of a vector in (Z/4Z)n is the sum of the Lee weights
of the coordinates of the vector. Our first task is to find an “algebraic” expression
for Lee weight, so that it will be easier to study.
Notice that for each x ∈ Z/4Z, wL (x) is exactly half the square
of the distance
√
in the complex plane between 1 = i0 and ix , where i = −1. Using a little
trigonometry, we see that wL (x) = 1 − cos( π2 x) = 1 − Re(eπix/2 ).
Therefore, for a vector x = (x1 , . . . , xn ) in (Z/4Z)n , we have
n
X
(1 − Re(eπixj /2 ))
wL (x) =
j=1

≥n−

n
X

eπixj /2 .

j=1

If the vector x is actually a codeword in a trace code of an algebraic geometric
code, then we have
x = (T (f (Z1 )), . . . , T (f (Zn )))
where Z1 , . . . , Zn are disjoint A-points on some curve X over A = W2 (F2m ) ≃
GR(4, m) and f is a global section of a line bundle on X. In this case, we have
wL (x) ≥ n −

n
X

eπiT (f (Zj ))/2

j=1

so we see that finding a lower bound on the minimum Lee weight of the trace code
of an algebraic geometric code amounts to finding an upper bound on the modulus
of an exponential sum of the form
n
X
(3.1)
eπiT (f (Zj ))/2 .
j=1

In the case of the projective line, sums similar to this have received much attention recently; see [4] and [6]. In both cases, the A-points on P1 over which the
sum is taken are not arbitrary but instead are the Teichmüller points of A. An
analogous concept exists for certain elliptic curves over rings, and it is here where
we will focus our attention for the remainder of this paper.
4. Ordinary Elliptic Curves and Canonical Lifts
An elliptic curve over a field of characteristic 2 is called ordinary if its group
of 2-torsion points has order 2. (Otherwise, its group of 2-torsion points is trivial,
and the curve is called supersingular.) Every elliptic curve has an isogeny called
the Frobenius; on points, the Frobenius takes (x, y) to (x2 , y 2 ). A special case of
Serre-Tate theory (see [7] or [3]) implies that every ordinary elliptic curve E over
a finite field k of characteristic 2 has a canonical lift to an elliptic curve over the
ring of infinite length Witt vectors W (k). By reducing modulo 4, we get that E
has a canonical lift to an elliptic curve E over W2 (k). The existence of a canonical
lift is in fact equivalent to the existence of an injective homomorphism τ : E(k) →
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E(W2 (k)), called the elliptic Teichmüller lift. W2 (k)-points Z on E which are of
the form Z = τ (P ) for some k-rational point P on E are the analogies of the
Teichmüller points on P1 .
Our first question, then, is: How can we tell if an elliptic curve E over W2 (k) is
actually the canonical lift of an ordinary elliptic curve over k? The answer to this
question is found in the next proposition, which is true for any characteristic p > 0
and is proven in [14]. Before we can state it, however, we need one more definition.
Let X be a scheme over Wl (k), where k is a field and l ≥ 0. The Greenberg transform
G(X) is the variety over k formed by writing out the equations for X in terms of
their Witt components. For example, if X is the elliptic curve over W2 (F2 ) defined
by the equation y2 + xy = x3 + 1, then G(X) is the variety over F2 defined by the
equations y02 + x0 y0 = x30 + 1 and x0 y03 + x20 y1 + x1 y02 = x30 + x40 x1 . Notice that the
k-rational points of G(X) are in one-to-one correspondence with the Wl (k)-points
of X.
Proposition 4.1. Let k be a perfect field of characteristic p > 0 and E/k an
ordinary elliptic curve. If E is the canonical lift of E to W2 (k), then deg x1 <
3p, deg y1 < 4p. Conversely, let E be any elliptic curve defined over W2 (k) with
reduction E. Assume that the projection given by reduction from G(E) to E admits
a section τ in the category of k-schemes over E \ {O} (where O is the origin for
the group law on E) given by (x0 , y0 ) 7→ (x, y) = ((x0 , x1 ), (y0 , y1 )) where x1 , y1 are
regular away from O and satisfy deg x1 < 3p, deg y1 < 4p. Then τ is regular at O,
E is the the canonical lift of E and τ is the elliptic Teichmüller lift.
5. A simplification in the case of characteristic 2
Let k be a finite field of characteristic 2 and let E be the elliptic curve over
k defined by the Weierstrass equation y 2 + xy = x3 + a, for some a ∈ k. E
is the reduction modulo 2 of the curve E over W2 (k) with equation y2 + xy =
x3 + (a, a2 ), and it is easy to check that the map τ : E(k) → E(W2 (k)) given
by (x0 , y0 ) 7→ ((x0 , a), (y0 , (x20 + x0 )y0 + x30 + ax20 + a)) satisfies the hypotheses of
Proposition 4.1. Therefore, we know that E is the canonical lift of E and τ is the
elliptic Teichmüller lift on points.
For an integer r ≥ 1, we may consider the line bundle L = OE (rO) on E. Global
sections of this line bundle must have their only pole at O and that pole must have
order at most r. Since x has a pole of order 2 at O and y has a pole of order 3 at
O, this means that elements of Γ(E, L) are of the form A + By, where A and B are
polynomials in x of degrees at most ⌊ 2r ⌋ and ⌊ r−3
2 ⌋ respectively. Using the map τ
above, we see that for P ∈ E(k) and f ∈ Γ(E, L), we have
f (τ (P )) = (f0 (P ), f1 (P ))
as a Witt vector, where f0 and f1 are rational functions on E which have poles
only at O and those poles are of orders at most r and 2r + 1 respectively. In other
words, f0 ∈ Γ(E, OE (rO)) and f1 ∈ Γ(E, OE ((2r + 1)O)).
Thus, for this particular curve E and a line bundle of the form L = OE (rO),
the sum 3.1 is the same as the sum
(5.1)

n
X
j=1

eπiT (f0 (P ),f1 (P ))/2

6
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Notice that this sum no longer involves E, but instead is expressed solely in terms
of data on the curve E, which is defined over the field k.
Further, we can actually say something much stronger. It is true that every
ordinary elliptic curve over a field k of characteristic 2 is is isomorphic over k̄ to a
curve with Weierstrass equation y 2 + xy = x3 + a; see [10], Propositions A.1.1 and
A.1.2. Since the degree of a line bundle is invariant under base change, this means
that for every ordinary elliptic curve in characteristic 2, finding a bound on a sum
of the form 3.1 is equivalent to finding a bound on a sum of the form 5.1.
6. The bound
We need one more result in order to bound the modulus of our sums 3.1 and
5.1. This result can be proven much more generally (see [14]), but we will state it
in only the specific case we need here. First, we set up some notation.
Let E be an elliptic curve over the field F2m , and let K denote the field of rational
functions on E. Let f0 , f1 ∈ K, and assume fi ∈ Γ(E, OE (ri O)) where O is the
origin of E and ri ≥ 1 is an integer for i = 0, 1. Set f = (f0 , f1 ) ∈ W2 (K). Let
P = E(k)\{O}, and for P ∈ P, define f (P ) = (f0 (P ), f1 (P )) ∈ W2 (F2m ). Let F be
the additive endomorphism defined in Section 2, and let T : W2 (F2m ) → W2 (F2 ) ≃
Z/4Z be the trace map which was also defined in that section.
Theorem 6.1. With notation as above, assume that f is not of the form f =
F (g) − g + c for any g ∈ W2 (K) and c ∈ W2 (F2m ). Then
X

P ∈P

m

eπiT (f (P ))/2 ≤ (1 + max{2r0 , r1 })2 2 .

A proof of a more general version of this theorem can be found in [14], and most
of the steps can actually be found in either [8] or [9]. The basic idea is to consider
the degree of the Artin L-function of the Artin-Schreier-Witt cover of E defined by
F (t) − t = f . Notice that if f is of the excluded form, then T (f (P )) would be a
constant vector.
By combining this result with the argument in Section 5 above, we get the
following result.
Theorem 6.2. Let E be an elliptic curve over W2 (F2m ) which is the canonical
lift of an elliptic curve E over F2m . Let Z = {τ (P ) | P ∈ E(F2m ) \ {O}, where
τ : E(F2m ) → E(W2 (F2m )) is the elliptic Teichmüller lift. Let f ∈ Γ(E, OE (rO))
for some integer r ≥ 1. Then
X

Z∈Z

m

eπiT (f (Z))/2 ≤ (2r + 2)2 2 ,

unless f ◦ τ ∈ W2 (F2m ) is of the form F (g) − g + c for some Witt vector g of
rational functions on E and some c ∈ W2 (F2m ).
We can now translate this back into a statement about codes.
Theorem 6.3. Let E and Z be as above, and let L = OE (rO) for some integer
r ≥ 1. Set C = CZ/4Z (E, Z, L). Then the minimum Lee weight of the code T (C)
satisfies
m−3
wL (T (C)) ≥ n − (2r + 2)2 2 ,
where n = #Z is the length of C.
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Proof. Let f be a global section of L. If f ◦ τ is not of the form excluded by
Theorem 6.2, then the Lee weight of the trace of the codeword corresponding to
f satisfies the desired inequality by that theorem. Otherwise, the trace of the
codeword corresponding to f is constant, so its Lee weight is either 0, n, or 2n.
7. An Example
Let E be the curve over W2 (F̄2 ) defined by the equation y2 +xy = x3 −x2 −2x−1,
so that its reduction modulo 2 is the curve E over F̄2 defined by the equation
y 2 + xy = x3 + x2 + 1. (Although E is isomorphic over F̄2 to the curve with
equation y 2 + xy = x3 + 1, we work with E rather than this latter curve because E
has more F8 -rational points.) It is easy to check that if (x0 , y0 ) is a point on E, then
((x0 , 1), (y0 , x20 (1 + y0 ))) is a point on E. Further, the map τ : E(F̄2 ) → E(W2 (F̄2 ))
given by (x0 , y0 ) 7→ ((x0 , 1), (y0 , x20 (1 + y0 ))) satisfies the hypotheses of Proposition
4.1 above, so we can conclude that E is the canonical lift of E. We will construct a
code over W2 (F8 ) using E. Applying the trace map will give us a code over Z/4Z,
and applying the Gray map will give us a binary code.
Write F8 = F2 [t]/(t3 + t + 1). In addition to the origin O, there are 13 finite
F8 -rational points on E. They are the elements of the set:
P = {(0, 1), (t2 , 1 + t), (t2 , 1 + t + t2 ), (t, 1 + t2 ), (t, 1 + t + t2 ),
(t + t2 , 1 + t2 ), (t + t2 , 1 + t), (1 + t2 , 0), (1 + t2 , 1 + t2 ),

(1 + t, 0), (1 + t, 1 + t), (1 + t + t2 , 0), (1 + t + t2 , 1 + t + t2 )}
Applying the map τ described above, one gets the origin O of E and the following
thirteen points of E defined over W2 (F8 ):
Z = {((0, 1), (1, 0)), ((t2 , 1), (1 + t, 1 + t + t2 )), ((t2 , 1), (1 + t + t2 , t)),
((t, 1), (1 + t2 , t + t2 )), ((t, 1), (1 + t + t2 , 1 + t2 )),

((t + t2 , 1), (1 + t2 , 1 + t)), ((t + t2 , 1), (1 + t, t2 )),
((1 + t2 , 1), (0, 1 + t + t2 )), ((1 + t2 , 1), (1 + t2 , 1)),
((1 + t, 1), (0, 1 + t2 )), ((1 + t, 1), (1 + t, 1)),
((1 + t + t2 , 1), (0, 1 + t)), ((1 + t + t2 , 1), (1 + t + t2 , 1))}
We wish to consider the code C = CW2 (F8 ) (E, Z, L), where L = OE (3O). The
degree of L is 3, so by the Riemann-Roch theorem [15], the rank of the W2 (F8 )module Γ(E, L) is 3. It is easy to check that {1, x, y} is a basis for this module, so
a (3 × 13) generator matrix for C is constructed simply by evaluating these three
functions at each of the thirteen points in Z.
In fact, we are interested in the trace code T (C) of C, which will be a code over
W2 (F2 ) = Z/4Z. By a ring-version of Theorem VIII.1.6 of [12], we know that the
rank of T (C) (as a Z/4Z-module) is at most 7; we will show that it is exactly 7.
Since {1, t, t2 } is a basis for W2 (F8 ) as a W2 (F2 )-module, we know that
{1, t, t2 , x, tx, t2 x, y, ty, t2 y}

is a basis for Γ(E, L) as a W2 (F2 )-module. Some subset of this basis, when evaluated at the points in Z, will give us a set of codewords whose traces form a
basis for the trace code T (C). Since T (1), T (t), and T (t2 ) are all proportional,
we can throw away t and t2 , and look at the 7 × 13 matrix whose rows are
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(T (f (Z1 )), . . . , T (f (Z13 ))), where Z1 , . . . , Z13 are the points in Z and f runs over
the set {1, x, tx, t2 x, y, ty, t2 y}. If this matrix has full rank (7), then it is the
generator matrix for T (C).
The matrix described above works out to be (after replacing elements of W2 (F2 )
with their usual representatives in the ring Z/4Z, as given in 2.1):


3 3 3 3 3 3 3 3 3 3 3 3 3
 2 0 0 0 0 0 0 3 3 3 3 3 3 


 0 1 1 2 2 1 1 3 3 2 2 1 1 


 0 2 2 1 1 1 1 2 2 1 1 3 3 


 3 3 1 1 3 3 1 2 3 2 3 2 3 


 2 0 3 1 1 1 2 2 3 0 2 2 1 
2 1 1 2 1 0 3 0 2 2 1 2 3
Since the submatrix consisting of the last 7 columns of this matrix has determinant
3 (mod 4), this is indeed a generator matrix for the trace code.
By Theorem 6.3, the minimum Lee weight of the code with the above generator
matrix is at least 5. One can check that in fact it is exactly 5. By appending a
check digit which is the sum of the first three coordinates, we get a code over Z/4Z
of length 14, rank 7, and minimum Lee weight 6. The generator matrix is:


3 3 3 3 3 3 3 3 3 3 3 3 3 1
 2 0 0 0 0 0 0 3 3 3 3 3 3 2 


 0 1 1 2 2 1 1 3 3 2 2 1 1 2 


 0 2 2 1 1 1 1 2 2 1 1 3 3 0 


 3 3 1 1 3 3 1 2 3 2 3 2 3 3 


 2 0 3 1 1 1 2 2 3 0 2 2 1 1 
2 1 1 2 1 0 3 0 2 2 1 2 3 0
Applying the Gray map gives a binary code of length 28 with 214 = 16384
codewords and minimum Hamming distance 6. The best code with this length and
number of codewords has minimum Hamming distance 7.
It is interesting to note that the first four rows and the odd-numbered columns
of the generator matrix above define the [7, 4] Hamming code over Z/4Z (see [2]).
Since only the functions 1 and x are used here, this gives a construction of this
code as a trace code of an algebraic geometric code over P1 . For a more direct
construction of the [7, 4] Hamming code over Z/4Z as an algebraic geometric code,
see [17].
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